Advanced Visual Quantum Mechanics – Classical Probability Part II

1.  Introduction
In part I of this interactive engagement, you learned about probability and the probability density in the context of classical physics.  In this following exercises, you will learn more about probability and it’s properties and uses.

1.1 Review of part I
The probability of an object being in some range of positions proportional to the amount of time it spend there and thus inversely proportional to the object’s velocity.  Using conservation of energy, you can write an object’s velocity as a function of it’s total and potential energies, v2 ( E-V(x).  Thus you can write the probability density as, 
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.  (Note:  In this equation, we have replaced all of the constants with a single unknown constant, A.)  Recall also that the probability density was defined as 
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2.  Normalization
The constant, A, involves the mass of the object and the period of the motion, T.  In general, the period of motion is difficult to calculate and is only really defined for periodic motion.  Up until now, we have just been leaving the period of motion as an unknown constant.  But if we want to be able to calculate absolute probabilities we will need a method for finding A (or T).

2.1 Calculating probabilities

Exercise 2.1a:  From the definition of the probability density, write an (integral) formula for Pab, the probability of finding an object in the range a<x<b.

2.2 The normalization condition

Exercise 2.2a:  From your answer to exercise 2.1a, write an (integral) equation that expresses the idea that an object must be somewhere (anywhere).  (Hint:  What is the probability of something that is certain?)

The equation you wrote in exercise 2.2a is called the normalization condition.  You can use this equation to calculate A (the normalization constant).

Exercise 2.2b:  Plug the formula 
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 into the normalization condition and rearrange the resulting equation, solving for A.

Exercise 2.2c:  In part I of this interactive engagement, you wrote equations for the probability density function for several different cases (harmonic oscillator, infinite well, sloped-bottom infinite well).  Use the above result to find the normalization constant for each of these cases.  (Note: This is a difficult problem.  If you have not noticed by now, the above equation for the probability density gives imaginary results for places where V(x) > E (classically forbidden regions).  The probability of the object being in these locations is 0 by definition – the object cannot be there.  Therefore, the limits of integration in the normalization condition only have to go between the turning points of motion.  This makes the limits of integration functions of E – which you’ll have to find.  For a general potential energy function, there will be no analytic form for the integral in the normalization condition – in those cases it must be done numerically.)

2.3 Normalization in unbounded motion

Although we originally found all of our results for periodic motion, they still apply to motions that are not periodic.  However, in these cases other difficulties can arise.

Exercise 2.3a:  Write an expression for the probability density for a free particle (V(x)=0) with total energy E.  (Don’t calculate A yet, just leave it in the formula.)

Exercise 2.3b:  Try to calculate A for that free particle.  (Note:  the limits of integration are ±().  Why is there a problem with this calculation?

This problem occurs in any unbounded motion.  This might seem to make the idea of probability useless for describing unbounded motion – but that is not quite true.  For example, although you cannot calculate the absolute probability of the object being in the range a<x<b (that is: Pab) (since A is infinite all such probabilities are 0), you can calculate the ratio Pab/Pcd, which is the relative probability of the object being between a and b vs. being between c and d.  (You can calculate this because the A’s cancel).
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