Advanced Visual Quantum Mechanics – Energy Diagrams in One Dimension

Introduction

When you first began to learn physics, you probably learned to think about interactions in terms of forces.  In your more advanced physics courses you have focused more on describing interactions in terms of energy.  In quantum mechanics, the potential energy as a function of position appears explicitly in the main equation of motion, the Schrödinger Equation, so we use the concept of energy to describe all interactions.

A convenient way to get a quick overview of a particle’s motions and interactions is with an energy diagram, a plot of the object’s potential, kinetic, and/or total energy versus its position.  These exercises are designed to help you remember what you know about using energy diagrams to describe physical situations.

The Roller Coaster

At some time or another you have probably talked about energy in the context of a frictionless roller coaster.  You have seen sketches of a track like the one below and discussed the potential and kinetic energy of a cart at various locations on the track.  


.

Exercise a:  Sketch the potential energy (V) as a function of position (x) for the situation shown above.  Assume that V=0 when y=0.


In this case, the potential energy function versus x is exactly the same shape as the height (y) versus x because gravitational potential energy near the earth is proportional to height (V=mgy).  But this situation can be somewhat confusing.  Although the motion can be described with only one space dimension (x) and the potential energy can be written as a function of only one variable (x), the cart is actually moving in two dimensions (x and y).  (The reason the situation can be described in one variable is because there is a constraint – the cart must remain on the track.)

To avoid this confusion we will focus our attention on situations where the motion really is along a straight line.  

Exercise b:  Describe an example of a physical situation where energy is conserved and a particle is moving along a straight line with a non-constant potential energy.

Exercise c:  Sketch a graph of the potential energy function for the situation you described above.


Cars on Tracks with Magnets

In many of our introductory courses we use the example of Hot Wheels cars on a track in order to talk about energy diagrams and conservation of energy.  We use this setup because it has familiar objects and because the motion really is in one dimension.  To obtain a situation with some interaction, we mount a magnet on top of the car and two more magnets next to the track as shown below.
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Depending on the orientation of the magnets, we can use this to study attractive and repulsive interactions.  Of course, this setup has friction, both between the car and the track and internal to the car.  So the students have to “imagine” how it would work without friction even though the cars they are playing with actually have friction.

 Energy Diagram Explorer
Energy Diagram Explorer is a computer simulation of the Hot Wheels car experiment described above.  It allows you to experiment with different arrangements of magnets and to view the motion of the car (without friction) and the energy diagrams associated with that motion.

Activity a:  Start the Energy Diagram Explorer program (you can find this program at http://www.phys.ksu.edu/perg/vqm/software/).  With this program you can place pairs of magnets along the track and give the car a push.  You can also change the coefficient of friction.  Play with the program until you figure out how all of the options work and how various setups behave.

Activity b:  To check your partners’ understanding of the ideas of energy try a little game.  While they are not looking at the computer screen, set up a configuration of magnets and a coefficient of friction.  Run the car along the track to get the energy diagrams.  Then cover the part of the screen that shows the car and magnets.  Your partner(s) should look at the energy diagram and tell you

•
the location(s) of the magnets,

•
if each set is repulsive or attractive, 

•
the level of friction (zero, low, high), and

•
how the speed changes as the cart moves along the track.

Start with fairly easy situations and make them progressively more difficult.  Take turns with your partners and play until you can always identify the situation correctly and rapidly.

Activity c:  Next try the same game only in reverse: show your partner a setup of the cars and track but cover up the energy diagrams.  Have your partner predict the shape of the potential, kinetic, and total energy curves. 

Remembering Some Terminology

Consider a car which has the total and potential energies shown below.  The car is currently at a position to the right of .8m and is moving left. 
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Exercise d:  Describe the motion of the car.

The car moves in from the left and “bounces” off of the first bump in potential energy.  The point at which it turns around is called a classical turning point.  Just to the left of that point is a small region where the total energy is less than the potential energy.  If you used conservation of energy to calculate the kinetic energy in this region the result would be negative.  This is a problem.  The mass of the car is always positive and so is the square of its speed so kinetic energy cannot be negative.  A negative kinetic energy can have no physical meaning!  Since the car cannot have a negative kinetic energy it does not go into regions where we would calculate a negative kinetic energy.  We call these regions classically forbidden regions.

 Exercise e:  Describe the motion that the car would have if it started near 0.7m instead.  (With the same total energy.)

In many of the situations we will study a particle is constrained to be in a certain region of space (like an electron in an atom).  In this situation the particle is said to be in a bound state. 

Exercise f:  In the energy diagram above, what is the maximum total energy which the car can have and still remain trapped? 

Exercise g:  What is the least amount of additional energy that would have to be supplied to this car so that it would no longer be trapped?

This energy needed to remove an object from a region in which it is trapped is called the binding energy.  The binding energy is the difference between the maximum potential energy and the object’s total energy.

Exercise h:  The examples above use two repulsive interactions (two sets of magnets) to achieve a bound state.  Explain how to use just one set of magnets and still achieve a bound state.  Sketch the resulting potential and total energy diagrams.

Part 2 - Some Other Situations and Their Energy Diagrams.

The potential energy diagrams that you will look at in this section are all very important examples that you will study further in quantum mechanics.  By understanding better the types of classical setups in which these diagrams occur and the motion that results from these diagrams, you will be better prepared to compare and contrast the results of quantum mechanics with the results from classical mechanics.  Hopefully this will give you a better understanding of quantum mechanics.

A Cart on a Track with Bumpers – The “Infinite Well”

The first system we will consider is a cart on a frictionless track with stiff elastic bumpers on the ends.  This system approximates what we call the infinite square well – a system we will study the quantum mechanics of in detail.  

Consider a cart moving freely along a track, but confined to stay on the track by springy bumpers at both ends of the track.  The bumpers produce elastic collisions with a (fairly large) spring constant kb (so that the bumpers don’t have very much give).
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Exercise a:  Write an algebraic expression for the potential energy of the cart as a function of position, V(x).  Let V(0)=0.

Exercise b:  Sketch a graph of this V(x).

Exercise c:  How would this graph change as kb((?

A Block on a Spring

Another system we will study extensively in quantum mechanics is the harmonic oscillator.  One easy example of a harmonic oscillator to imagine is that of a block hanging on a spring.

Consider a block of mass m hanging from a spring with spring constant k.

Exercise d:  Write an algebraic expression for the potential energy of the block as a function of position, V(x).  Let V(0)=0.  (Note:  Unlike all previous examples, in this example the x axis is vertical.  This makes absolutely no difference in the analysis.)

Exercise e:  Sketch a graph of this V(x).

Charged Particles in Electric Fields

Most of the interactions you will study in quantum mechanics will arise from electric fields.  In this section you will study the potential energy diagrams for a charged particle in various electric fields.

A Piecewise Linear Potential

Two hollow shells are made with porous metal sheets.  The shell on the left is grounded and the one on the right is set at 5 volt as shown below.  A small bead (mass = 1g) is positively charged with +e, where -e is the charge on an electron.  In region I, the bead is moving towards the right with a kinetic energy K0 = 6.0 eV. The holes of the metal sheet are large enough so that the bead can freely pass through. 
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Exercise f:  What is the total energy of the bead at x = 0 and at x = L?

Exercise g:  Find an algebraic expression for the potential energy of the bead as a function of x.

Exercise h:  Sketch a graph of the potential energy of the bead as a function of x. 

Exercise i:  On your graph of the potential energy indicate the total energy of the bead. 

Exercise j:  Suppose the initial kinetic energy of the bead is 3.0 eV instead of 6.0 eV.  Sketch a new graph of the potential energy and the total energy of the bead in all three regions.
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Now suppose the system is changed to the structure shown below.  The bead is initially moving left with a K = 6.0 eV. 

Exercise k:  For this new system, sketch the potential energy of the bead as a function of x.  Include the total energy on your potential energy diagram.

Step Potential Energy Functions
In the above examples, the potential energy function changed gradually from one region to another, like the function shown in figure a below.


[image: image6.wmf] 

x

 

Potential Energy

 



[image: image7.wmf] 

x

 

Potential Energy

 


                       Figure a                                                                    Figure b

Exercise k:  Suppose we wanted to make a potential energy curve like the one shown in figure b.  Sketch a diagram of the setup that would make such a potential.  (Hint:  In real life the one section of the graph couldn’t be exactly vertical, it could just have a very steep slope.)
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