Bound States – Applying and Expanding

Review

Bound states can occur in quantum physics anytime there is a global minimum in the potential energy function.  Because the wave function should be well behaved as x→±∞, the mathematical problem of finding bound state wave functions is over-determined.  Physically this causes there to be correct wave functions only for certain values of total energy.  

You can find these wave functions just like you find wave functions for any other piecewise constant potential.  First, divide the x-axis into regions where the potential is constant and write down the wave function in each region.  Next, write down and simplify the conditions at the boundaries between regions and the asymptotic conditions as  x→±∞.  Finally, solve these equations to find the correct parameters and thus the wave function for the situation.

In the exploration you saw:

· The shape of the bound state wave functions were similar to resonance wave functions.

· Bound state wave functions are standing waves.

· The eigenfunction is always exponentially decreasing for large |x|.

· The values of the eigen-energies can be approximated by fitting an integer number of half-wavelengths in the potential well.

· This approximation is best when V>>E in the edge regions (“infinite well”).

· The shapes wave functions in lots of different potential diagrams.

Exercises

Exercise 1:  Find the wave functions for a three region potential of width 2d with V1 = V3 = 0 and b = -a = d.  Leave V2, E, and d as unknown constants.  (Hint: Write down the wave function in each region, write down the boundary and asymptotic conditions, and solve.  At one point in your solution you will get a single equation of constraint that looks something like: 
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This must be solved numerically to find the eigen-energies.) 

Exercise 2:  Physicists often talk about the “ infinite” square well potential.  In this potential, V=0 for 0<x<w and V=∞ elsewhere.  Find the wave functions and eigen-energies for this situation.  (Recall that when V=∞ the wave function must be zero and that you will not be able to match the derivatives at the boundaries.)

Exercise 3:  Repeat exercise 2 for the “step-bottomed infinite well”.  (V=0 for 0<x<w, V=V1 for w<x<v, and V=∞ elsewhere.)

Questions
Question 1:  Compare your solutions to exercises 1 and 2 for various values of V2 (in exercise 1).  What conclusions can you draw?  Try to be as detailed and specific as possible.

Projects

Project 1:  Many numerical approximation techniques in quantum physics begin by treating an arbitrary potential function as if it were piecewise constant.  The x-axis is broken up into regions and a constant potential is assigned to each region based on some average value of the potential in that region.  If the potential function is not changing rapidly in any region, this is a reasonable approximation.  Use this approximation technique to find approximate wave functions for one or more of the following potentials (or any that your instructor might suggest):

a) V(x) = x (a half-scattering problem)

b) V(x) = |x| (bound states)

c) V{x} = x2 (bound states)

d) V(x) = sin(x) (scattering and bound states)
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