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In problem-solving situations, the contextual features of problems affect student reasoning. Using
Newton’s Third Law as an example, we study the detail of the involvement of contexts in students’
uses of alternative conceptual models. Through research, we identified four contextual features that
are frequently used by students in their reasoning. Using these results, a multiple-choice survey was
developed to probe, in large classes, the effects of the specific contextual features on student
reasoning. Measurements with this instrument show that the different contextual features can affect
students’ conceptual learning in different ways. We compare student data from different populations

and instructions and discuss the implications.

I. Introduction

Over the past two decades, a significant amount of
research has been conducted to investigate students’ use of
incorrect reasoning in solving physics problems.— These
alternative ideas (often incorrect) were described as pre-
conceptions, misconceptions, alternative concepts, etc.
Studies have shown that, at both the college and pre-college
levels, the formation and application of thesEI iflﬁeﬁmal
knowledge are strongly context dependent. As
indicated by research, in problem-solving situations, the
contextual features of the problems can have significant
influence on students’ reasoning.™ Many physics concepts,
such as the Newton’s Third Law (Newton III), can involve
a variety of different contextual features. These features,
when not treated properly, can often increase the difficulty
in probing student learning and delivering -effective
instruction. Therefore, the details of how different
contextual features can affect students’ reasoning are of
great importance to researchers and instructors in
understanding students’ conceptual development.

Based on the context dependence of learning process,
we developed Model Analysis where the different typﬁ of
students’ reasoning are described with student models.™ In
Model Analysis, both the models which students use and
the contexts in which they use the models are part of the
analysis. The assessment investigates how students apply a
model of a concept as well as how this application varies as
the context is changed. In the Model Analysis approach
one does not simply say that a student can or cannot apply a
correct model of a given concept. Instead, one states that
the student is likely to use a particular model with a certain

probability on problems related to a concept. Further, one
can begin to understand which contexts are difficult for the
student to apply the model. Thus, the researcher can start to
build a picture of the students’ model states with respect to
the concept.

In Model Analysis, we have developed numerical
methods to extract the information of students’ use of
models with model-based multiple-choice instruments.
These also provide convenient tools to study and assess the
involvement of different contextual features in students’
models with properly designed instruments. Popular
instruments for probing students’ broad understanding of
concept such as Newton II exist. However, for
complicated concepts such as Newton III, existing
instruments were often designed with multiple contextual
features entangled in a single question. Thus, probing the
involvement of a particular contextual feature in t
formation and application of students’ models is difficult.
In this research, we aim to develop a new type of
instrument where a single question only measures the
effects of one contextual feature involved with a particular
concept.

In section II we present a brief review of the literature
on Newton III and the involvement of contextual features in
student reasoning. Section III describes our research on
identifying the important contextual features. In section IV,
we discuss the measurement and introduce the research on
the development of a new instrument. Section V gives an
application example using this new instrument with detailed
data analysis. In section VI, we discuss the implications of
this research and conclude with a summary.



II. Student Models of Newton III and the Involvement
of Contextual Features

Before going into more details of the Iﬁﬂalysis, we first
briefly review what we mean as a model.=— A model is a
functional mental construct that is associated with a specific
concept (or a topic) and can be applied directly in context
instances relevant to the concept to obtain explanatory
results. Models have direct causal relations with the
responses students generate in various problem-solving
situations. Other researchers have alsoﬁudied this iss
where they defined facer —, mental model—, student views
etc. A comparison with the literature reveals that facets,
mental models, and student views represent mental
constructs that are fundamentally similar to what we call
models. However, in our definition, models have explicit
attributes with respect to contexts and are considered to
have direct casual relations with the responses produced by
the students. In rational mental operations, models are
usually involved in an explicit manner. In our research, we
study the models that students have or develop in lealﬁing
physics. For convenience we call these student models.

With a particular physics concept, through systematic
research, we can I]__éinentify a finite set of commonly
recognized models. These models usually consist one
correct expert model and a few incorrect or partially correct
student models. We define these as the Physical Models of
this particular concept — these models are common to a
group of students with similar background and the existence
of these models can be verified through research. The
identification of physics models includes all the possible
forms of students’ models: the ones that students bring with
them to instruction, the ones that students are likely to
create on the spot when confronting new contexts relevant
to the concept, and the ones that students can develop
during instruction.

For a single student to solve a set of questions related
to a particular physics concept, there are usually two
different situations in student’s use of models: 1. the student
can use one of the physical models and be consistent in
using it in solving all questions; or 2. the student can hold
different physical models at the same time and be
inconsistent in using them, i.e., the student can use one of
the physical models on some questions and use another
model on other questions, even though all the questions are
related to a single concept and the questions are seen as
equivalent by experts. The different situations of the

students’ use of models are described with student Model
States.— The first case corresponds to a consistent model
state and the second case is a mixed model state. These
model states can be measured and calculated

mathematically with a multidimensional probability vector
to represent the probabilities for a single student to apply
different physical models. We can also measure the model
states of a population and study the performance of a class.
In physics education research, student understanding
on topics in introductory mechanics has been thoroughly

studied over decades. Based on the existing knowledge, we
can obtain a rather clear picture for the possible forms of
the student models used by students with most topics in
mechanics. For example, with the concept of the relation
between force and motion, we were able to identify three
physical modgls based on the results from our research and
the literature.™ These models involve a single contextual
feature — the velocity of the moving object.

On the other hand, models used by students in
association with Newton III show much greater complexity,
involving not one but several different contextual features.
For example, in a study of students’ reasoning related to
this concept, Maloney found ﬁat college students use some
sort of dominant principle, where students think that
during an interaction, the dominating party exerts a larger
force. The dominance can come from several sources: (a)
the one with greater mass, (b) the one that actively exerts a
force (in contrast to a reaction force). Apparently, these
two popular issues are often embedded in the contextual
settings of physics questions on Newton III.  Students’
responses obtained with these questions reflect students’
understandings on the related concept, which are in part
built on the ways that students consider how the different
contextual features are involved.

Although studies on student learning of mechanics
have successfully identified the important contextual
features involved in students’ reasoning about Newton III,
further research is needed to investigate how the different
contextual features may independently (or in combination)
affect students’ learning. There have been studies on the
effects of context on student reasoning, however, these

often focus on questioning the consistency of students’
using their conceptual models in different contex&I Ina
recent study on student understanding of forces, — Palmer

found two types of contextual effects, primary and
secondary, based on the strength of the influence that a
particular contextual feature can have on student reasoning.
In his research, the context is considered as an external
factor that affects the student reasoning.

With Model Analysis and the framework we develop in
this paper, the context is considered as a significant part of
the student reasoning itself, and we use the contextual
features as the basis to study the student conceptual
understandings.

II1. Contextual Features in Newton II1

As indicated from existing research, we can easily
identify two contextual features that are frequently used by
students in their reasoning about Newton III: (a) mass, (b)
source of the force (who is pushing). Since students often
associate force with velocity, — our empirical experience
suggests two additional possibilities: (c) velocity, and (d)
acceleration.

To validate this speculation, we interviewed 9 students
from an introductory physics class, Concepts of Physics, at
Kansas State University -~  The class has no math



requirement and is for students majoring in elementary
school education. The interviews were conducted in the
middle of the course, about two weeks after the students
had finished studying Newton III. The students volunteered
to be interviewed; no attempt was made to obtain a
representative sample from this class.

In the interviews, students were asked to think aloud
their reasoning on questions designed with the four
contextual features. The protocol was designed so that each
question involved only a single contextual feature. Figure
1, 2, and 3 are sample questions that are designed with
isolated contextual features of velocity, mass and pushing
respectively.

As shown in the figure, a collision happens between a
small pickup truck and a car. The small truck has the
same weight as the car does. At the time of collision,
both vehicles travel at a constant speed but the small
truck is moving at a slower speed than the car.
Describe the forces at the moment they collide.

Figure 1. Open-ended interview question on Newton III

with the contextual feature of velocity.
—_— e
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As shown in the figure, a collision happens between a
big truck and a car. The big truck has a much larger
mass (weight) than the car does. Before the collision,
both vehicles are traveling at a same constant speed.
Describe the force at the moment when they collide.

Figure 2. Open-ended interview question on Newton III
with the contextual feature of mass.

From students’ responses in these interviews, we found
that, in general, many students (7/9) consistently employed
the dominance viewpoint in describing the forces on the
objects — they determine that the object with dominating
features applies a greater force. The dominating features
are selected from three contextual features: velocity (V),

mass (M), and source of the force (P). Table 1 shows some
typical incorrect student reasonings identified in the
interviews.

Jane

Two students, Amy and Jane, are on identical roller
blades facing each other. They both have a same
mass of 50 kg. Amy places her hand on Jane. Amy
then suddenly pushes outward with her hand, causing
both to move. Describe the forces between them
while Amy’s hands are in contact with Jane.

Figure 3. Open-ended interview question on Newton III
with the contextual feature of pushing (the source of force).

Some students (2/9) are also found to be in a confused
state and use mixed ideas (between the correct model and
the dominance incorrect viewpoint) on questions related to
the three contextual features. For example, on the question
shown in figure 1, Kathy said:

“Same amount of force but I am not sure. Because
when two things collide, they exert the same amount of
force. I don’t know why it is always equal and opposite.
Because I think speed might have something to do with it....
It is common sense that something moving faster is going to
have more force. Now I am not sure.”

Using the similar setting shown in Figure 1, we ask
students to “consider the case that before the collision, the
car is traveling at a constant speed while the truck starts
slow and is speeding up. At the moment of collision, both
vehicles happen to be traveling at the same speed.
Describe the forces between them at the moment when they
collide.”” When we said that at the instance of the collision,
both objects have the same velocity, all but one student
claimed that the force shmfz.ﬁ be equal and considered the
acceleration (A) irrelevant.= Therefore, we can conclude
that most students we interviewed do not consider
acceleration as a factor with significant effects in their

Table 1. Students’ incorrect reasoning involving the four contextual features. These are identified in our interviews.

Contextual Features — Common Incorrect Model

Student Responses

Velocity — Object with larger velocity exerts a larger force.

“The car is going faster and it has a greater push
against the truck.”

Mass — Object with larger mass exerts a larger force.

“It has more weight so the momentum behind it is
*
greater.”

Pushing — Object that “pushes” exerts a larger force.

“Amy actually reaches out and pushes Jane and Jane
was just there. Her (Jane’s) force was an non-equal
but opposite force that she pushes back.”

Acceleration — Object that is speeding up exerts a larger force.

“Because it is speeding up so it has more acceleration
. *
and more momentum behind.”

.
Most students use momentum as another word for force.



reasoning on questions related to Newton III. In our later
analysis, we still kept this contextual feature to see if other
populations may incorporate this feature differently.

We also found that students can use combinations of
different contextual features in their reasoning and may
consider them with different levels of significance for
specific questions. At this stage of research, we did not
pursue further into these details and focused on &e study of
the first order relation of the contextual features.

For a brief summary, Table 2 shows the incorrect
reasoning of the interviewed students corresponding to the
four contextual features. As indicated from the results,
these four contextual features represent the ones that are
frequently used by students in their reasoning and are
defined as the physical features related to Newton III — a
physical feature describes an unique contextual aspect of a

physical representation that is considered relevant to the
related physics concept by experts and/or students.
Table 2. Interview results on student reasoning.
Contextual Features | Incorrect | Mixed | Correct’
Velocity (V) 7 2 0
Mass (M) 7 2 0
Pushing (P) 6 1 2
Acceleration (A) 0 1 8

“Students consider the corresponding contextual feature
irrelevant.

IV. Measuring the Effects of Contextual Features on
Students’ Reasoning

The physical features can be used as the basis to study
the detailed structures of student models of a particular
concept. To do so, we need a probing instrument that can
provide measurement on the effects of the individual
physical features on students’ reasoning. However, many
of the questions in existing instruments are not designed
with isolated physical features. For example, the question
shown in Figure 4 mixes two physical features, mass and
pushing, together. If a student answers that Bob exerts a
larger force, no further evidence can indicate if the incorrect
response is generated based on consideration of mass, of
pushing or of both.

|

Figure 4. Question 11 in FCI (original version). This
question is on Newton III involves two contextual features
of mass and pushing.

A New Multiple-Choice Instrument on Newton III and
Model-Based Assessment

Based on the existing research in the literature and the
results from our interviews, we developed a new multiple-
choice instrument where each question only measures
students’ reasoning related to a single physical feature of
Newton III. In order to m%ure the possible mixing of
students’ use of their models,~—for each of the four physical
features, we designed three questions using different
context settings. In Figures 5 and 6, we show two sample
questions: question 7 on velocity and question 15 on mass.
As we can see, with question 15, if a student selects choice
(d), “Each student exerts a force on the other, but Bob
exerts the larger force,” we then have strong evidence to
infer that this student is using an incorrect model based on
the physical feature of mass.

In a soccer game, two player, John and Tom who happen to have same
weight, are running to chase a ball that is flying close to them. John runs
about twice as fast as Tom. Unfortunately, neither of the players notices the
other, and they run into each other. At the time they hit, which of the
Statements is true?

. John exerts a greater force on Tom than Tom exerts on John.

John exerts a same amount of force on Tom as Tom exerts on John.

. Tom exerts a force on John but John doesn't exert a force on Tom.

. Tom exerts a greater force on John than John exerts on Tom

John exerts a force on Tom but Tom doesn't exert a force on John.

mTET AR

None of the above answers describes the situation correctly.

Figure 5. Question 7 in the new survey on Newton III. This
question only involves the contextual feature of velocity.

Two students, Bob and Jay, sit in identical office chairs facing each other.
Bob has a mass of 100 kg and Jay has a mass of 70 kg. Both Bob and Jay
place their feet against the other. They then both suddenly push outward
with their feet at the same time, causing both chairs to move. In this
situation, while their feet are still in contact, which of the following choices
describes the force?

. Jay exerts a force on Bob, but Bob doesn't exert a force on Jay.

Bob exerts a force on Jay, but Jay doesn't exert a force on Bob.

. Each student exerts a force on the other, but Jay exerts a larger force.
. Each student exerts a force on the other, but Bob exerts a larger force.
Each student exerts the same amount of force on the other.

None of above is appropriate (please write down your own).

TETOW R

Figure 6. Question 15 in the new survey on Newton III.
This question only involves the contextual feature of mass.

Table 3. Questions in the new survey on Newton III and the
physical features they are designed to measure.
Mass Acc.

49,15 3,13,14

Others
6,11,12,16

Velocity
1,5,7

Pushing
2,8,10

Questions

The complete survey is included in the Appendix. In
Table 3, we group the questions based on the physical
features that these questions are intended to measure.



This instrument is designed to be used with Model
Analysis, and each physical feature is used as an
independent dimension to represent students’ model
structures. On each dimension (corresponding to a specific
physical feature), we can further construct a multi-
dimensional model sub-space spanned by the physical
models involved with this particular physical feature. In the
case of Newton III, the sub-spaces for all four physical
features happen to have three dimensions (three physical
models for each physical feature). In general, the
dimensions of these sub-spaces can be different. As an
example, with the physical feature of pushing (P),jﬁve
define the following physical models based on research:

My": The null model (incorrect student ideas that do
not involve pushing)

M,": The force has the same magnitude and opposite
direction during the interaction regardless the
source of the force. (correct model)

M,": The one exerting the force will exert a larger

force during interaction. (incorrect model)

In Table 4, we list all the physical models
corresponding to the four physical features. The
associations between the choices of the questions and the
physical models are also listed and are used in our later
analysis to analyze students’ raw responses. Note that in
this example, we have only one incorrect model for each
physical feature. In general, one can imagine situations
where more than one incorrect model exists.

Table 4. The physical models corresponding to the four
physical features and the associations between the choices
of the questions and the physical models.

Physics
Features

Questionf/
Choices
15

Physical Models

M,": null model
Velocity|M,": correct model
M,": incorrect model
— larger velocity larger force

T o X
© o X
S e ]

41915
My™: null model X | X|x
Mass |M;™: correct model e|b|e
M,™: incorrect model ald|d
— larger mass larger force
3 (13|14
M,: null model X | x| x
Pushing [M,": correct model ele|e

M,": incorrect model — the one that |a,c|b,d|b,d
pushes exerts a larger force

2|8](10

M,”*: null model X | X |x

Acc. [M,*: correct model e|b|c
M,": incorrect model — the one that | a | a | a

speeds up exerts a larger force
* “x” is used to represent all other choices.

Validation of the Instrument

As a partial validation on measurement consistency of
this instrument, we selected 6 questions from the survey
and used them in the 9 interviews that are also used to
confirm the “existence” of the physical features. This
approach reduces the time span of this research by
combining two tasks in a single interview: (1) identifying
and confirming the existence of the physical features, and
(2) validating our design of the survey instrument. The first
task relies on analysis of open-ended explanations and
discussions from students. In the second task of validating
the instrument, we first ask students to solve the multiple-
choice questions altogether and then have them_gexplain
their reasoning used to generate their answers. The
consistency between students’ responses to the questions
and their reasoning is used to evaluate if the questions can
measure accurately the underlying student models.

In all the interviews, students’ reasoning and their
selections of the answers are found consistent, and we
didn’t find any apparent communication problems with the
questions — most students understand the questions well and
their explanation show consistency between their
understanding and the intentions of the experts. As often
observed in interviews, some students may change their
minds when explaining their reasoning. In this research, we
have also observed this situation, however, in our cases the
reasoning that these students brought up initially (before
their second thoughts after some extensive discussion) are
all consistent with the answers they selected. Even when
students did change their minds, they all came up with
answers compatible with the choices of the multiple-choice
questions and their modified explanations are also
consistent with their new answers.

As discussed earlier, students can use mixed ideas in
their reasoning. When multiple questions related to a single
physical feature are presented to students, they may respond
with different models on different questions. This indicates
that using these questions we can obtain measurement on
students’ mixed model states and the significance of
different contexts in triggering students’ use of models.

V. Assessment with Multiple-Choice Instrument
The Population

The new multiple-choice survey was used in 5
introductory physics courses at Kansas State University
(Fall, 1999). These courses include: Physical World (PW),
an conceptual- physics course for non-science majors with
no math pre-requisites; General Physics 1 (GP1), the first
semester of a two-semester, algebra-based physics course;
General Physics 2 (GP2), the second semester of a two-
semester, algebra-based physics course; Engineering
Physics 1 (EPI1), the first semester of a two-semester,
calculus-based course for physics and engineering majors;
and Engineering Physics 2 (EP2), the second semester of a



two-semester,  calculus-based course for physics and
engineering majors. A brief summary of these courses is
listed in Table 5. All courses used traditional instruction.

Table 5. Student background and course information of the
five intro physics courses at Kansas State University.

Courses Format Majors | Prerequisites
Physical World | Algebra, Mech. | Liberal arts | No math
General Phys. 1| Algebra, Mech. | Life science | Algebra
General Phys. 2| Algebra, E&M | Life science | Algebra
Eng. Phys. 1  |Calculus, Mech.|Eng and Phys| Calculus
Eng. Phys. 2 | Calculus, E&M |Eng and Phys| Calculus

In the beginning of the five courses, we surveyed a
total of 280 students — about 60 students from each course.
Students in PW, GP1, and EP1 haven’t had any instruction
on mechanics before they took the courses. Students in
GP2 and EP2 all had instruction on mechanics from their
previous courses (GP1 and EP1). Therefore, using this
setup, we can approximately study the change of student
understandings before and after traditional instruction.

In the following two sections, we apply two numerical
methods, Concentration Analysis and Model State
Estimation, to analyze the data. In this paper, we only
provide limited descriptions of the operations of these tools.
More details are provided in references 2 and 8.

Concentration Analysis

As a way to validate the effectiveness of this multiple-
choice instrument, we first use the CoHntmtion Analysis
to evaluate the design of the distracters. — As we learn from
qualitative research into student learning, student responses
to problems in many physical contexts can be considered as
the result of their applying a small number of conceptual
models. The way in which the students’ responses are
distributed on research-based multiple-choice questions can
yield information on the students’ state: for a particular
question, highly concentrated responses implies that many
students are applying a common model associated with the
question; whereas randomly distributed responses often
indicate that students have less commonality in reasoning
(sometimes, this situation corresponds to the case where
most students have no systematic model).

It is then convenient to construct a simple measure that
gives the information of how all students’ responses are
distributed among the choices of a particular multiple-
choice question. This measure is defined as the
concentration factor, C, which is a function of students’
responses and takes a value in [0,1]. Larger values
represent more concentrated responses with 1 being a
perfectly correlated response and 0 a random response. We
want all other situations to generate values between 0 and 1.
This concentration factor can be calculated with Eq. (1),

_ Am 21‘”2 1 (1)

where m represents the number of choices for a particular
question, N is the number of students, and #; is the number
of students who select choice i of the question.

Due to the non-linearity of the concentration factor, a
value greater than 0.5 represents a fairly high concentration
(>60% students select the same choice of a question). A
value between 0.2 and 0.5 is considered as medium
concentration, in which case students’ responses are often
concentrated on two choices indicating a possible two-
model situation. A value less than 0.2 indicates that the
students’ responses are somewhat evenly distributed among
three or more choices. In this case, students can either have
no consistent reasoning at all and respond rather randomly
or they may have a evenly distributed population for all the
possible models involved in the question (further
clarification of the detail requires looking at the content of
the question and student behavior in interviews).

In Table 6 we show the results of the concentration
analysis of student responses on this multiple-choice test for
the five courses. For easy comparison, we first calculated
the concentration factors for all 16 questions and then
grouped the questions based on the different physical
features to obtain the average results which are shown in
the table.

Table 6. The average scores and concentration factors of
student responses on all 16 questions for the five courses

(only the average results of the question groups
corresponding to the different physical features are shown).
Class v M P A Others
S | 0.06 | 010 | 0.11 | 0.73 0.35

PW e o060 067 (034 1030 08

S| 012 | 011 | 0.17 | 0.85 | 0.34

GPL e T80 076 [ 040 [ 075 | 029
Gy |.5.]025 10181032064 ] 050
C | 057 | 067 | 049 | 050 | 0.38

S | 020 | 023 | 027 | 0.67 | 0.35

BPL 1061 055 [ 037 1055 [ 033

S |035] 029 | 046 [ 0.65 [ 0.52

BP2 e 17049 T 054 | 051 051 040
Average |-5.1-020 [ 018 1027 1071 041
C | 063|064 ] 042 ]| 058 | 034

Standard | AS | 0.11 | 0.08 | 0.14 | 0.10 0.11
Deviation [ AC| 0.13 | 0.13 [ 0.12 | 0.13 | 0.09

The concentration analysis provides a convenient tool
to study if a question can pick up common incorrect student
models or if students actually have a common model at all.
Therefore, it can be used to assess student learning as well
as to facilitate the development of multiple-choice
instruments. For a concept involves two common models,
as in the cases of Newton III, a well-designed question
often has medium to high concentration on students’ pre-
test data. As shown by table 6, the questions corresponding



to the 4 physical features all have quite high concentration
factors, whereas the questions we used to explore certain
interesting possibilities, denoted with “others”, have
systematically lower concentration factors. This indicates
that with the 4 physical features, most students have
common types of reasoning (models) similar to the ones
that we have identified. It also shows that the choices of
the questions match well with these models.

A more detailed look at the data shows that the
students’ responses on questions with the physical features
of velocity and mass have high concentration but low
scores. This indicates that most students selected the same
incorrect answers on these questions (common incorrect
models). On the contrary, for questions with the physical
feature of acceleration, students’ responses show high score
and high concentration indicating that most students
selected the correct answer. On questions with the physical
feature of pushing, students’ responses have a medium
value for concentration factor, which indicates that students
often select between two popular answers. In this case,
students usually have mixed state of understanding. To
look for the detail of all these possible situations of student
models, we need to use our knowledge from qualitative
research (the content of the questions) and apply algorithms
in Model Analysis to extract the probability states of
students use of different models.

Model State Estimation

Using each physical feature as an independent
dimension, we analyzed student model states. As detailed
in references 2 and 8, the model state for a single students
gives the amplitude of distributed probabilities for the
student to be triggered into using the different physical
models associated with set of questions used in the
measurement. The model state for a population gives the
amplitude of the distributed probabilities for the population
to use the different physical models. These distributed
probabilities are stored in a model state vector and the
structure of it can provide important information on the
ways that students apply their conceptual models. In
particular, it provides a numerical measure of how a single
student or a population may mix to use different conceptual
models in contexts that are regarded equivalent by experts.
As shown by research, such mixed states are often aﬁucial
intermediate stage of a favorable conceptual change.

To calculate the model states, we first code students’
raw responses to obtain single-student model vectors by
using the scheme shown in table 4,. Then a class model
density matrix is obtained for each course using the single
student model vectors. We then calculate the eigenvectors
and eigenvalues of the class model density matrix. Figure 7
shows a schematic of the procedures for the calculation.

As discussed in reference 8, the class model state
vectors, eigenvectors of a class model density matrix,
reflect the set of unique features of the models held by the
individual students in the class, whereas the eigenvalues

reflect the popularity of the corresponding class model
states.

Relation between the 3 models and
the responses to each question

Question | 1 2 3 4
Model0 | bd | ac | ac | a
Model 1 e € e | ce
Model2 | a,c | b,d | bd | b,d

Single student l

A student’s responses on 4
questions related to
a single concept

Q 1234
Answer [ e | b |d|a

model state \/E 1
(6> 0 0 ‘u>>:L Jn* L
Vipv=|0 (55 0 ' \/E \/i ‘/Z \/z
0 0 ol v

Obtain class

model vectors L Pu P P N
D=|p, pPn Pxn =2‘uk><uk‘

Class model density matrix | 05, P3P =

Figure 7. Schematics of the procedures for calculating the
class model states.

A useful way to investigate the shift in student thinking
between two common models is to create a model plot.~As
shown in figure 8, a particular model state as well as its
eigenvalue can be represented with a point (e.g. B) on a
model plot where the horizontal and vertical components
equal to the products of the square of the class model state
vector’s two elements and the corresponding eigenvalue.
The values of the two components give the probabilities for
the class to apply the models represented with the
corresponding axis.

o0 1A
E S
23 Mod.ell
é E Region Upper
S )
> = / Mixed Boundary
E = "/ Region
S I /
22 Ny
2= | Model 2
o.2v > ot Region
L T
Small N >
Eigenvalue[ ( 6u2V2u2 1

Region ) probability for using Model 2 (incorrect)

Figure 8. Model plot used to represent the class model
states. Model 1 (Model 2) region covers comparatively
consistent model states with dominant model 1 (model 2)
components. Mixed model region represents mixed model
states. Small eigenvalue region represents model states
with small eigenvalues.

From a model plot, we can obtain useful information
about the class population and individual students’ use of
their models. In general, the value of the largest eigenvalue
can provide a measure on the consistency of the population.
For example, a class model state with a large eigenvalue,



which results in a point close to the upper boundary line,
indicates that a large number of students in the class have
model states similar to this class model state, i.e., the class
has a somewhat consistent population.

The information on the individual students’ using their
models is reflected by the eigenvectors (or class model state
vectors). If most students in a class are consistent in using
their models, which results in “pure” single student model
states, the point representing the class model state will be in
either Model 1 (correct) or Model 2 (incorrect) regions.
When individual students are inconsistent in using their
models, which results in “mixed” single student model
states, the point represerﬁdg the class model state will be in
the mixed model region.

The student class model states with the four physical
features of Newton III are calculated and plotted in figure 9.
For each class, only the model state with the largest
eigenvalue (called primary model state) is shown.

From figure 9, we can see that for the physical features
of mass and velocity, the primary model state of all the
classes stay in the region representing a consistent incorrect

model (model 2). This indicates that most students have a
dominant consistent incorrect model. The popularity of the
incorrect model somewhat decreases in higher-level courses
— from 90% (GP1) to 60% (EP2) but the model states stay
in the model 2 region showing that most students in these
five classes apply their models consistently, i.e., no mixed
use of different models. In this situation, the eigenvalue of
the primary model state can provide an estimation of the
size of the students using the incorrect model.

Student model states with the physical feature of
acceleration appear to be the opposite of the situations with
mass and velocity. In this case, most students hold a
consistent “correct” model where they consider acceleration
irrelevant. Although students give correct responses on the
related questions, it does not mean that student models are
the same as the expert one. Correct understanding of the
underlying student reasoning requires further studies with
detailed interviews. As a preliminary indication, the
analysis of our interviews, suggests that a possible reason
for the students to consider acceleration irrelevant is not
that they truly understand the nature of Newton III but
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Figure 9. Model plots of student class model states on Newton III with the four physical features: Velocity (V), Mass (M),
Pushing (P), and Acceleration (A) . The data is taken from 5 introductory physics course at Kansas State University.



rather that they consider the velocity is the major factor and
acceleration is sor%thing related to velocity and will not
make direct effect.

With the physical feature of pushing, student model
states show a different structure. The low level classes still
have a dominant consistent incorrect model. As the level of
class gets more advanced, student model states become
more mixed. The most advanced class (EP2) has nearly a
perfectly mixed model state with a quite large eigenvalue
(~0.8), which indicates that most students in this class have
mixed model states and the structures of the individual
single-student model states are also similar. This is very
different from the situations with the other physical features
and implies a different process in conceptual development.

Implications on Conceptual Development

As recognized by many researchers, the stage of mixed
model state is often an important intﬁnediate step for a
complete favorable conceptual change.™ Therefore, we put
more emphasis on the study of student reasoning with
pushing to see why this physical feature makes different
contribution. In our interviews, when asked for the
reasoning on the physical features of pushing, many (7/9)
students specifically quoted that “when you pushing
something, you get pushed back”. A significant number
(4/9) of students even explicitly said that “the force is equal
and opposite” and tried to use this idea in their reasoning.
Some of these students can even associate these correct
ideas with examples such as push against a wall from their
experiences. In the following, we summarize some
common student behaviors identified in our interviews:

1. Students often use the two sentences discussed
above in their explanations on questions involving pushing.
With questions that do not explicitly involve the issue of
pushing, students look for mass or velocity instantly in their
reasoning without even bother to recall the two sentences,
which many of them can memorize (especially the first one)
and relate to examples from their personal experience. It
seems that for these students, the two sentences are
associated with the issue of pushing only.

2. When students use the two sentences, the first one is
very easy for them. On the other hand, many students still
have problems with the second sentence and have the
tendency to think the “pusher” exerts a larger force. So
students can sometimes give contradictory answers on
similar questions with pushing resulting in a mixed model
state.

With the results from the qualitative and quantitative
methods, we can infer a possible explanation for the fact
that student model states are different with the physical
feature of pushing: It appears that “Pushing” is often the
first and most common example used to introduce Newton
III.  More importantly, most students all have the
experience of being pushed back. Integrating this piece of
student experience as examples in instruction can make this
side of the concept of Newton III directly linked to

students’ life experience and presumably more meaningful
for students to understand. Therefore, students can have
significant changes of their models on this physical feature
even with traditional instruction. On the other hand,
students’ strong naive models associated with mass and
velocity often receive inadequate treatment through
traditional instruction and students’ changes on their
models with these physical features are fairly insignificant.

VI. Implications on Instruction and Summary

This study can provide a piece of evidence for the
context dependence of conceptual learning (conceptual
changes). The result implies that effective instruction often
requires that the instructional contexts be integrated with
the students existing knowledge system. As we can see
from this example, when the contexts used to present the
new concept are treated properly, even traditional
instruction can make significant impacts on students’
conceptual understandings; however, such learning process
happens in a highly context-dependent manner. Therefore,
instruction should be developed based on a good
understanding of the possibilities of student models as well
as the effects of contextual features. Successful instruction
should also include effective assessment tools to provide
accurate and context-rich information of students’ state of
understanding.

The method discussed in this research can be a useful
assessment tool in research and instruction. It has several
advantages over score-based methods:

1. It wuses multiple-choice instruments making it
appropriate and feasible to implement this method in
large classes.

2. The probing instruments and analysis methods are
based on systematic research of student conceptual
models and thus can provide detailed and validated
information on the state of student understanding.

3. The method of using physical features to study the
structures of student models can yield explicit
information to both researchers and instructors on the
details of how contexts and students’ conceptual
models interact during the process of conceptual
development of a single student and or a population.

In this study, we found that student models show
different structures with different physical features and the
student model evolution also show different processes with
different physical features. Such information is often
unavailable using assessment instruments designed with
entangled physical features. As an example, the new
instrument and algorithms in Model Analysis are found
effective in measuring and analyzing the details of the
structures of student models. With this new method, we
can obtain detailed quantitative information on student
models with a particular physical feature. In addition, the
results from these methods can provide explicit information
on student understandings with respect to specific
contextual features for both researchers and instructors.
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